Abstract. We give a characterization of hypercyclic finitely generated abelian semigroups of matrices on C n using the extended limit sets (the J-sets). Moreover we construct for any n ≥ 2 an abelian semigroup G of GL(n, C) generated by n + 1 diagonal matrices which is locally hypercyclic but not hypercyclic and such that JG(e k ) = C n for every k = 1, . . . , n, where (e1, . . . , en) is the canonical basis of C n . This gives a negative answer to a question raised by Costakis and Manoussos.
Introduction
Let M n (C) be the set of all square matrices over C of order n ≥ 1 and by GL(n, C) the group of invertible matrices of M n (C). Let G be a finitely generated abelian sub-semigroup of M n (C). For a vector v ∈ C n , we consider the orbit of G through v: G(v) = {Av : A ∈ G} ⊂ C n . A subset E ⊂ C n is called G-invariant if A(E) ⊂ E for any A ∈ G. The orbit G(v) ⊂ C n is dense in C n if G(v) = C n , where E denotes the closure of a subset E ⊂ C n . The semigroup G is called hypercyclic if there exists a vector v ∈ C n such that G(v) is dense in C n . Hypercyclic is also called topologically transitive. We refer the reader to the recent book [3] and [7] for a thorough account on hypercyclicity. In [5] , Costakis and Manoussos introduced the concept of extended limit set to G: Suppose that G is generated by p matrices A 1 , . . . , A p (p ≥ 1) then for x ∈ C n , we define the extended limit set J G (x) of x under G to be the set of y ∈ C n for which there exists a sequence (x m ) m ⊂ C n and sequences of non-negative integers {k subsequence tending to +∞. We say that G is locally hypercyclic if there exists a vector v ∈ C n \{0} such that J G (v) = C n . This notion is a "localization" of the concept of hypercyclicity, this can be justified by the following: J G (x) = C n if and only if for every open neighborhood U x ⊂ C n of x and every nonempty open set V ⊂ C n there exists A ∈ G such that A(U x ) ∩ V = ∅.
In C n , no matrice can be locally hypercyclic (see [4] ). However, what is rather remarkable is that in C n or R n , a pair of commuting matrices exists which forms a locally hypercyclic, non-hypercyclic semigroup.
The main purpose of this paper is twofold: firstly, we give a characterization of hypercyclic finitely generated abelian semigroup of M n (C) through the use of the extended limit sets. We show that G is hypercyclic if and only if there exists a vector v in an open set V , defined according to the structure of G, such that J G (v) = C n (Theorem 1.2). Secondly, we answer negatively (Theorem 1.5) the following question raised by Costakis and Manoussos in [5] : is it true that a locally hypercyclic abelian semigroup G generated by matrices A 1 , . . . , A p is hypercyclic whenever J G (u k ) = C n , k = 1, . . . , n, for a basis (u 1 , . . . , u n ) of C n ? However, we prove that the question is true (see Proposition 1.6) for any abelian semigroup G consisting of lower triangular matrices on C n with all diagonal elements equal.
Before stating our main results, let introduce the following notations and definitions. Denote by:
• B 0 = (e 1 , . . . , e n ) the canonical basis of C n .
• N 0 = N\{0}.
• I n the identity matrix on C n . Let n ∈ N 0 fixed. For each m = 1, 2, . . . , n, denote by:
• T m (C) the set of matrices over C of the form:
the group of matrices of the form (1) with µ = 0. Let r ∈ N and η = (n 1 , . . . , n r ) be a sequence of positive integers such that n 1 + · · · + n r = n. In particular, r ≤ n. Denote by
• v T the transpose of a vector v ∈ C n .
Given any abelian sub-semigroup G of M n (C), we introduce the triangular representation for G.
for some η ∈ (N 0 ) r and r ∈ {1, . . . , n}.
This reduces the existence of a dense orbit to a question concerning subsemigroups of K η,r (C). For such a choice of matrix P , we let:
Our principal results are the following:
Corollary 1.3. Under the hypothesis of Theorem 1.2, the following are equivalent:
(
Corollary 1.4. Under the hypothesis of Theorem 1.2, if G is not hypercyclic
Remark. In the case n = 1, we have V = C * and by Theorem 1.2, we conclude that a sub-semigroup G of C is hypercylic if and only if it is locally hypercyclic.
Theorem 1.5. Let n ≥ 2 be an integer. Then there exists an abelian semigroup G generated by diagonal matrices A 1 , . . . , A n+1 ∈ GL(n, C) which is not hypercyclic such that J G (e k ) = C n for every k = 1, . . . , n.
Preliminaries and basic notions
Let G be a sub-semigroup of T n (C). Every element B ∈ G is written in the form
G} the vector subspace generated by the family of vectors
If G is an abelian sub-semigroup of K n,r (C), denote by:
We start with the following lemmas: Lemma 2.1. Let G be an abelian sub-semigroup of K η,r (C). Under the notations above, for every x ∈ C n , H x is G-invariant.
Proof. It suffices to prove that
Since w, (B − µI n )e i ∈ H x and H x is a vector space, we have Bw ∈ H x . Proposition 2.2. Let G be an abelian sub-semigroup of K η,r (C) generated by A 1 , . . . , A p . If J G (u) = C n for some u ∈ U then for every k = 1, . . . , r, rank(
First, we will show that J G k (u k ) = C n k . For this, let x k ∈ C n k and y = [y 1 , . . . , y r ] T ∈ C n such that
Write
Second, one can then suppose that G ⊂ T n (C) and u ∈ C * ×C n−1 . It is clear that u / ∈ F G . By Lemma 2.1, • If (α m ) m is not bounded, one can suppose by passing to a subsequence, that lim m→+∞ |α m | = +∞, then lim m→+∞ 1 αm z m = −u ∈ F G , a contradiction. We conclude that H u = C n and so dim(F G ) = n − 1. 
The map ϕ in Proposition 3.1 can be precise, from the proof of ([1], Proposition 5.1), as follows:
Under the hypothesis of Proposition 3.1, and for n ≥ 2, there exists a linear map η : C n−1 −→ C n−2 such that for every
, with
is the injective linear map associated to G (1) given by Proposition 3.1.
Proof. By Proposition 3.1, there exists an injective linear map ϕ : C n −→ T n (C) such that G ⊂ ϕ(C n ) and ϕ(w)e 1 = w for every w ∈ C n .
By Corollary 3.2, we have
where ϕ (1) is the injective linear map associated to G (1) and η : C n−1 −→ C n−2 is a linear map. Then w 
is an abelian sub-semigroup of T n−1 (C) and rank(F G (1) ) = n − 2. By induction hypothesis applied to G (1) on C n−1 , the sequence (B (1) m ) m∈N is bounded. Therefore, by Lemma 3.3, (B m ) m is bounded. 
4. Proof of Theorem 1.5 and Proposition 1.6
For the proof of Theorem 1.5, we will make use of the following result:
Lemma 4.1. [6] . If a ∈ C with |a| > 1, then there is a dense set ∆ a ⊂ {z ∈ C, |z| < 1} such that for any b ∈ ∆ a , we have that
Proof of Theorem 1.5. Let a ∈ C with |a| > 1. By Lemma 4.1, there exists
Consider the abelian sub-semigroup G of K * η,r (C) generated by B, A 1 , . . . , A n , where B = bI n and A k = diag(a, . . . . . . , a (k−1)−terms , 1, a . . . , a), k = 1, . . . , n.
• First, we will show that G is not hypercyclic: for this, it is equivalent to prove, by Corollary 1.3, that G(u 0 ) = C n where u 0 = [1, . . . , 1] T : We have
We set
Then we have
It is plain that F = F ∪ n k=1 E k , where • Second, we will show that J G (e k ) = C n for every k = 1, . . . , n. B m x m = y. We conclude that y ∈ J G (e k ) and therefore J G (e k ) = C n , for every k = 1, . . . , n.
Proof of Proposition 1.6. Since (e ′ 1 , . . . , e ′ n ) is a basis of C n , there exists i 0 ∈ {1, . . . , n} such that e ′ i 0 ∈ C * × C n−1 . As V = U = C * × C n−1 and J G (e ′ i 0 ) = C n then by Theorem 1.2, G(e ′ i 0 ) = C n and hence G is hypercyclic.
The following questions arose naturally. Question 2. Let 1 ≤ r ≤ n be an integer. Is it true that there exists a finitely generated abelian semigroup G of K η,r (C) which is not hypercyclic such that J G (e k ) = C n for every k = 1, . . . , n? Similarly for R n ?
Notice that for r = n, this question is answered positively (Theorem 1.5) However, for r = 1, it is answered negatively (Proposition 1.6).
